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Comparison of the uniaxial tensile modulus and 
dynamic shear storage modulus of a filled hydroxy- 
terminated polybutadiene and GAP propellant 

E. J. S. DUNCAN,  P. BROUSSEAU 
Defence Research Establishment Valcartier, Courcelette, Qudbec, Canada GOA 1RO 

The uniaxial tensile moduli for two filled composite solid propellants, one based on 
a hydroxy-terminated polybutadiene with an ammonium perchlorate oxidizer and the other 
on a glycidyl azide polymer with a phase-stabilized ammonium nitrate oxidizer, were 
measured at various temperatures and over a three decade range of strain rates. Dynamic 
shear moduli were measured at various strains and temperatures over a three decade range 
of frequencies. Values of the tensile modulus, ET/3 (assuming Poisson's ratio equals 0.5), 
w e r e  compared with the dynamic storage modulus, G', for each of the dynamic strain levels 
investigated. The results demonstrate that it is possible to compare 3G' measured at 
different dynamic strains and frequencies with the incremental tangent moduli obtained at 
corresponding uniaxial strains from constant strain rate tests on specimens with a JANNAF 
geometry. The comparisons are most favourable when the concave-up region of the 
stress-strain curve extends only up to approximately 2.0% strain. It was observed that G' 
obtained at a dynamic shear strain of 2.0% provided the best overall correlation with ET/3 
measured over a range of temperatures and strain rates. 

1. I n t r o d u c t i o n  
Structural and processing demands placed on solid 
propellants are becoming ever more exacting as their 
uses become increasingly specialized. This brings 
about the need for implementing the most advanced 
characterization techniques possible ~. To this end, dy- 
namic mechanical spectroscopy has become a widely 
used methodology for analysing the microstructural 
and macrostructural character of polymeric systems 
[1, 2]. It has recently been applied to the characteriza- 
tion of energetic polymers such as propellants [3-6]. 
Dynamic mechanical analysis offers numerous ad- 
vantages over conventional tensile mechanical prop- 
erty tests. These include the speed with which tests can 
be carried out, the reduced amount of material neces- 
sary for test specimens and notably, the high degree of 
sensitivity and reproducibility of the tests. Husband 
[7] remarked that there is usually clear relationship 
between the test data and the material's end use per- 
formance. 

In conventional uniaxial mechanical property test- 
ing, a constant rate of deformation is applied to 
a specimen and the resulting force is measured. The 
only properties obtainable from the subsequent 
stress-strain curve are the modulus, maximum stress 
and strain at maximum stress. These properties, al- 
though valuable from the standpoint of failure charac- 
teristics, by themselves elucidate little concerning the 
microstructural/thermal changes known to take place 
in a polymeric system. The tests provide minimal 
information on the viscoelastic nature of the material 

unless many tests are completed at different temper- 
atures and rates of deformation and nothing on the 
elastic or viscous components that comprise an indi- 
vidual material response. 

On the other hand, in dynamic mechanical analysis, 
a sinusoidal varying strain applied to a linear vis- 
coelastic material will induce a sinusoidal torque 
(stress) that can be decomposed into an elastic com- 
ponent in phase with the strain and a viscous compon- 
ent 90 o out of phase with the strain. The elastic 
portion is proportional to the dynamic storage 
modulus, G', and the viscous portion is proportional 
to the dynamic loss modulus, G". The ratio of the 
viscous to elastic component, G'/G', is referred to as 
the loss tangent, tan 5, and is equal to the tangent of 
the phase angle between the applied strain and the 
induced torque. With these basic dynamic properties 
it is possible to determine key mechanical and thermal 
transitions relating to the elastic or viscous compon- 
ent, that occur in polymeric materials at both 
the microstructural level and macrostructural level. 
Mobility of main chain and major side groups in 
polymers, and binder/particulate de-wetting in com- 
posite polymers, are two examples. 

By far most of the mechanical property character- 
ization work on solid propellants has been based on 
constant strain rate uniaxial tension tests. One reason 
for this is that structural analysis of solid propellant- 
based systems require mechanical properties derived 
from these tests. Within the published domain of dy- 
namic mechanical analysis on loaded polymers, there 
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is surprisingly little work with a focus on documenting 
and quantifying the physical relationship between dy- 
namic mechanical properties and conventional 
uniaxial mechanical properties. While some work is 
being carried out on the determination of the relax- 
ation spectrum from dynamic mechanical data and 
vice versa [8-11], it does not specifically address the 
equivalence of mechanical properties per se. 

The objective of this study was to compare the 
dynamic storage modulus measured in shear using 
rectangular bars and conventional tensile modulus 
measured in uniaxial tension using JANNAF Class 
C specimens under a range of dynamic frequencies, 
constant strain rates and temperatures. The latter are 
used almost without exception for measuring the con- 
ventional mechanical properties of filled polymers. 
Two filled polymer solid propellants, one based on 
a hydroxy-terminated polybutadiene with an am- 
monium perchlorate oxidizer and the other on 
a glycidyl azide polymer with a phase-stabilized am- 
monium nitrate oxidizer, were investigated. 

2. Theory 
Determining the equivalency between the dynamic 
modulus and the uniaxial tensile modulus necessitates 
that the moduli be related theoretically and that com- 
parisons be made at "equivalent times" within their 
respective time domains. It will be instructive to pro- 
vide a general overview of the theory on which this 
study is based. The reader is referred to other works 
[12-14] for a more comprehensive treatment. 

2.1. Dynamic shear and uniaxial extension: 
modulus considerations 

In dynamic mechanical spectroscopy analysis, a dy- 
namic shear strain is applied to a specimen, usually 
rectangular or cylindrical in shape, and the corres- 
ponding induced dynamic force (torque) is measured. 
The dynamic waveform is most often sinusoidal, at 
a frequency, v, in cycles s-1 (Hz) or c~ in rad s-1 
= (2~v). The sinusoidal strain is given by 

7 = 3'0 sin cot (1) 

where y is the shear strain, 3, o is the maximum ampli- 
tude of the strain, co is the frequency (rad s - 1) and t is 
the time (s). If the material is linear viscoelastic, the 
stress response will be sinusoidal at the same fre- 
quency as the strain, but lagging behind at a phase 
angle 5 

= ~Osin(cot + 5) (2) 

Alternatively, the stress can be expressed in terms of 
two frequency-dependent functions. This can be de- 
rived from the linear viscoelastic constitutive equation 
for stress in terms of strain 

dT(-c ) 
a(t) = l G ( t - ' c )  d'c 

dr J o  
(3) 
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where ~(t) is the shear stress as a function of time, G(t) 
is the relaxation modulus and 7(t) is the shear strain as 
a function of time. Taking the time derivative of Equa- 
tion 1 

? = 7~ cos cot (4) 

where the overdot refers to the derivative with respect 
to time, and substituting Equation 4 into Equation 3 
and letting s -- (t - z), we arrive at 

(y(t) = G(s)7~ [co(t - s)] ds (5) 
0 

or from trigonometric relations 

~(t) = 7~  

+3'~ (6) 

The quantities between the square brackets in Equa- 
tion 6 are defined as the shear storage modulus, G', 
and the shear loss modulus, G", where 

G' = o~ G(s)sincosds (7) 
0 

fo G" = co G(s)coso~sds (8) 

G' is directly proportional to the average amount of 
energy stored and recovered per cycle (elastic energy), 
while G" is directly proportional to the average 
amount of energy lost through various viscous dissi- 
pative processes per cycle. 

For a perfectly elastic solid, or a viscoelastic solid at 
equilibrium, the shear modulus, G, is related to the 
uniaxial tensile modulus, E T = O 'T /~  (where C~T is the 
uniaxial tensile stress and a is the uniaxial strain) 
through the relationship 

Ew 
G = 2 ( 1 + v )  (9) 

where v is the Poisson's ratio. In certain polymeric 
materials, v may approach 0.5 (e.g. 0.499) and remain 
effectively constant over a range of time scales. Under 
these conditions the relationship expressed by Equa- 
tion 9 reduces to 

G - ET (10) 
3 

which implies that simple shear is directly related to 
simple uniaxial extension by a factor of 1/3. In phys- 
ical terms, this occurs because the change in volume 
during deformation is imperceptible relative to the 
change in shape. It follows that G' should also be 
related to ET in the manner of Equation 10, assuming 
negligible changes in volume. 

2.2. Constant strain rate and dynamic 
frequency considerations 

Correlating G' and ET, when ET is dependent on strain 
rate and G' is dependent on frequency, necessitates 



that values be compared at equivalent measures of 
strain rate and frequency. In the experimental work 
presented here, G' was measured in shear under a vari- 
able rate of shear-strain, j,, while Ex was measured in 
uniaxial tension under a constant uniaxial strain rate, 
&. In a practical sense, & refers to the rate of change 
with time of the extension of an infinitesimal element 
of material in the direction of loading, while j, refers to 
the rate of change with time of the change in the angle 
formed by two faces of an infinitesimal element of 
material in the plane of loading. For  the purposes of 
this paper 9 and & are defined in the following way 

- ~x l \  St J (11) 
and 

9 = *t2 - e x t \ - ~ - ]  +~axake t  ] (12) 

where 8xl and 8Xz are the incremental lengths along 
the xl  and x2 coordinate axes respectively and 8ul and 
8u2 are the incremental displacements in each coordi- 
nate direction. 

A relationship has been derived that relates fre- 
quency used in dynamic tests to an average (constant) 
strain rate. The time derivative of Equation 1 is 

j, = 7~ (13) 

To find the average strain rate, T, over the interval 
from 0 to 1r/2m where 7 = 7 ~ Equation 13 is integrated 
and divided by the interval rc/20) 

7~ cos 0)t dt (14) 
7 =  jo 

the answer to which is 

20)70 
- (15) 

TC 

To obtain an average strain rate in uniaxial tension 
which is equivalent to ~ for a given 0) and 7o from 
a dynamic test, Equation 15 is rewritten as 

2{o7 0 
- (16) 

7~ 

where ~ is the uniaxial constant strain rate (s-1), 0) is 
the frequency (rad s-1) and 7 ~ is the maximum ampli- 
tude of the strain at the given 0). Rewriting as 0) in 
terms of ~ we have 

0) - (17) 
270 

3. Experimental procedure 
Two filled solid propellants were investigated in this 
study. One is based on a conventional inert polymer 
binder composed of a urethane cross-linked hydroxy- 
terminated polybutadiene (HTPB) polymer into 
which is dispersed particulate ammonium perchlorate 
(AP) as the oxidizer. The other is based on an energetic 
polymer binder known as glycidyl azide polymer 
(GAP) into which is dispersed particulate phase- 
stabilized ammonium nitrate (PSAN) as the oxidizer. 

The solids loading is 88% by weight for the HPTB/AP 
propellant and 71% by weight for the GAP/PSAN 
propellant. 

Constant strain rate uniaxial tensile mechanical 
properties of two propellants, GAP/PSAN and 
HTPB/AP,  were measured over three decades of 
strain rate (0.000 096~0.0967 s-  1) and at five different 
temperatures ( - 4 0 ,  - 3 0 ,  0, 20 and 60 ~ for the 
GAP/PSAN and ( -  65, - 30, 0, 23 and 60 ~ for the 
HTPB/AP.  Three specimens were tested at each strain 
rate and temperature. Standard JANNAF El5] "dog- 
bone" test specimens were used. Each specimen was 
die-cut from a pre-cast 12.7 mm thick slab. The effec- 
tive gauge length for the geometry of the specimens 
was determined using a laser extensometer and found 
to be 86.5 mm at a strain rate of 0.00967 s -1 and 
room temperature. The effective gauge length is the 
length which divided into the displacement of the 
crosshead gives a number equal to the strain in the 
centre of the test specimen. This value was used for all 
tests. The strain was calculated by dividing the change 
in the displacement by the effective gauge length. Test- 
ing was completed on an Instron Model 1122 with 
a temperature box and controller. All specimens were 
preconditioned at the test temperature for approxim- 
ately 1 h prior to testing. 

Instron Series IX software was used for data ac- 
quisition and data reduction. The tensile modulus for 
materials that characteristically respond with a low 
stress, concave-up region during the early stages of 
a test, such as filled composite propellants, was deter- 
mined by computing a '"least squares fit" straight line 
through consecutive segments of data, beginning at 
the start of the test and progressing along the curve up 
to the maximum stress. The highest slope measured 
was defined as the tensile modulus. 

Dynamic mechanical properties G', G" and G* were 
mesaured using a Rheometrics Dynamic Mechanical 
Spectrometer model II (RDS-II). Tests, referred to as 
dynamic frequency/temperature sweeps, were com- 
pleted in dynamic shear over a three decade range of 
frequency (0.1-100 rad s-  1) between temperatures of 
- 40 and 55 ~ for GAP/PSAN and - 70 and 80 ~ 

for HTPB/AP.  A 15 ~ temperature step with a 10 min 
soak interval between each, was used in both series. 
Seven different strain levels (0.1%, 0.5%, 1.0%, 2.0%, 
3.0%, 4.0% and 5.0%) were investigated for GAP/  
PSAN and six strain levels (0.1%, 0.5%, 1.0%, 2.0%, 
3.0% and 4.0%) were investigated for HTPB/AP.  
Specimens were die-cut from pre-cast 12.7 mm thick 
slabs and were rectangular in form with a test-size di- 
mension of approximately 48.8 mm x 12.7 mm x 4.1 mm. 

Rheometrics Rhecalc software was used for all 
t ime-temperature superposition analyses on the 
dynamic frequency/temperature data as well as the 
constant strain rate data. 

4. Results and discussion 
It has long been recognized that loading rate and 
temperature have a direct influence on mechanical 
properties such as modulus, strength and strain capa- 
bility of filled polymer solid propellants. Considering 
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Figure 1 Tensile modulus, E:r, from uniaxial constant strain rate 
tests on HTPB/AP at (A) - 6 5 ~  (11) - 3 0 ~  ( + ) 0 * C ,  
(II,) 23 ~ and (0) 60 ~ and over a three decade range of strain 
rates. 
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Figure 3 Dynamic storage modulus, G', from a frequency/temper- 
ature sweep test on HTPB/AP at 2.0% strain, ten different temper- 
atures and over a three decade range of frequency. (A) - 67 ~ (-/r) 
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Figure 2 Tensile modulus, ET, from uniaxial constant strain rate 
tests on GAP/PSAN at five different temperatures (A) - 4 0  ~ 
(11) - 30 ~ (+) 0 ~ (0) 23~ and (0) 60 ~ and over a three 
decade range of strain rates (from 1-16]). 

the viscoelastic nature of filled polymers, any valid 
comparison of dynamic moduli with conventional 
uniaxial moduli necessitates that they be compared at 
equivalent rates of loading. Such a relation is given by 
Equation 17, which calculates the dynamic frequency 
that corresponds to a given constant strain rate at 
a specified level of dynamic strain. The G' associated 
with this frequency may be compared to the maximum 
tangent modulus if certain assumptions are made: (i) 
the average shear strain rate ,~ is proportionally equiv- 
alent to a constant uniaxial strain rate, ~, as implied by 
equations 15 and 16, and (ii) Poisson's ratio equals 0.5 
(Equations 9 and 10). 

The effect of ~ and temperature on the tensile 
modulus, ET, of HTPB/AP is illustrated in Fig. 1. 
Each data point represents the average of three tests at 
the same nominally constant strain rate. Two features 
are evident from the data presented in Fig. 1. The first 
is the log-linearity of the data across three decades of 
strain rate at all temperatures. Second, there is a pro- 
gressive increase in the slope of the curves between 23 
and -30~  Above 23~ and below - 3 0 ~  the 
slope of the curves remains at a relatively constant 
value. Similar trends have been observed for 
GAP/PSAN propellant (Fig. 2) [16]. 
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Figure 4 Dynamic storage modulus, G', from a frequency/temper- 
ature sweep test on GAP/PSAN at 2.0% strain, seven different 
temperatures and over a three decade range of frequency. (A) 
-- 37 *C, (11) -- 22 ~ (+)  - 7 ~ (~) 8 ~ (II~) 23 ~ (0 )  38 ~ ('/r) 

53 ~ 

The dynamic equivalent to a series of conventional 
uniaxial tests at different strain rates and temperatures 
is a dynamic frequency/temperature sweep analysis. In 
this test a specimen is subjected to a sinusoidal vary- 
ing strain over a range of frequencies and at various 
temperatures. Typical results for G' from a fre- 
quency/temperature sweep on HTPB/AP and 
GAP/PSAN at a strain of 2%, are presented in Figs 3 
and 4, respectively. The trends exhibited under 
a sinusoidal displacement regime are generally consis- 
tent with those obtained from the constant uniaxial 
strain rate tests. The moduli are observed to increase 
with increasing rate of frequency or rate of strain and 
decreasing temperature (note that the reciprocal of 
strain rate is shown in Figs 1 and 2, which accounts for 
the negative rather than positive slope). Frequency/ 
temperature sweeps at progressively higher strains 
gave rise to systematically lower values of the dynamic 
moduli for both filled polymer solid propellants tes- 
ted. This is illustrated in Fig. 5 for the storage 
modulus, G', obtained from sweeps at five different 
strain levels, 0.1%, 0.5%, 2.0%, 4.0% and 5.0%, on 
GAP/PSAN at 23 ~ Non-linear behaviour of this 
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Figure5 Frequency sweep at five different strain levels on 
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Figure 6 Shifted master  E T curve for H T P B / A P  uniaxial constant  
strain rate data. The reference temperature is 23 ~ (,k) - 65 ~ 
(11) - 30 ~ (+) 0 ~ (*)  23 ~ (0)  60 ~ 

type in similar highly filled elastomers has been ob- 
served by others [1, 2] and is associated with complex 
filler-filler and filler-binder interactions. 

Shifted master G' curves for both the conventional 
uniaxial test results (Figs 6 and 7) and the dynamic test 
results (Figs 8 and 9) were constructed using the 
Williams, Landel and Ferry (WLF) equation 

- C t ( T  -- Tr) 
log aT = (18) 

(C2 + T -- Tr) 

where aT is the shift factor, C~ and C2 are constants, 
T is the temperature and Tr is the reference temper- 
ature. Ferry provides a detailed theoretical discussion 
of t ime-temperature superposition [12]. The G" mas- 
ter curves that are shown along side the G' curves in 
Figs 8 and 9 were constructed using the shift factors 
determined from the G' data. Note the poor superposi- 
tion of GAP/PSAN G" data in the higher shifted 
frequency region (the undulating nature of the solid 
line data curve marks its trace through individual data 
points in the overlapping region of the shifted data). 
This was observed at all strains and contrasts mark- 
edly with the G" results for HTPB/AP,  which super- 
posed very favourably with the shift factors derived 
from G' data. Stacer and Husband [21 observed a sim- 
ilarly poor  superposition for filled GAP in the lower 
frequency region and suggested that it may reflect 
a more thermorheologically complex behaviour. 

While the use of the WLF equation for thermo- 
rheologically complex materials may not be correct in 
the strictest sense, it is used here to illustrate the 
degree of commonality between the shift coefficients 
obtained from constant strain rate tests and dynamic 
tests at different levels of strain. The WLF equation, 
constants C~ and Cz were calculated using the RDS-II 
Rhecalc software package and are given in Tables 
I and II. Although the constants obtained for the 
HTPB/AP constant strain rate tests appear to be 
somewhat higher, particularly C2, than those deter- 
mined from the dynamic tests at the various levels of 
strain (Table I), plotting aT versus the corrected tem- 
perature T -  Tr (Fig. 10a), shows that the results 
from both test methodologies are, in general, very 
consistent at T - Tr values above - 20 ~ At lower 
values the variability increases, approaching two 
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Figure 7 Shifted master  ET curve for GAP/PSAN uniaxial constant  
strain rate data. The reference temperature is 23 ~ (A) - 40 ~ 
(m) _ 30 ~ (*)  0 ~ (4,) 23 ~ (O) 60 ~ 

decades at - 90 ~ A comparison of the GAP/PSAN 
WLF constants (Table II) shows, ignoring the dy- 
namic test results at 1% strain where the application 
of temperature went from hot to cold rather than from 
cold to hot, that the C1 and C2 values are similar for 
both the constant strain rate and dynamic tests. The 
values of aT for the constant strain rate data were 
determined by manually shifting the data. Fig. 10b 
shows the results of aT versus the corrected temper- 
ature T - Tr at the various levels of strain. The varia- 
bility within the GAP/PSAN results is similar to that 
observed for the HTPB/AP at the lower corrected 
temperatures and more prevalent, up to one decade, at 
corrected temperatures above 0 ~ 

When comparing G' and ET it becomes important 
to consider the form of the stress-strain response, 
particularly that derived from a specimen with a 
JANNAF geometry. The authors have observed 
that for most filled p o l y m e r  solid propellants, a 
JANNAF geometry will give rise to a stress-strain 
curve characteristized by an initial concave-up region. 
The strain interval over which the upward concavity 
extends is related both to the temperature and the rate 
of loading experienced by the specimen. An example of 
this is shown for GAP/PSAN at 23 ~ and a strain 
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Figure 9 Shifted master, (O) G' and (@) G" curve for GAP/PSAN at 
2.0% strain. The reference temperature is 23 *C. 

TABLE I The WLF equation constants C~ and C2 for HTPB/AP 
propellant 

Testtype C~ C2 

Constant strain rate 
Dynamic freq./temp. 

7.1 213 
0.1% 6.0 166 
0.5% 6.2 186 
1.0% 5.4 160 
2.0% 5.1 163 
3.0% 4.9 157 
4.0% 4.7 154 

TABLE II The WLF equation constants C1 and C 2 for GAP/ 
PSAN propellant 

Test type C1 C= 

Constant strain rate 
Dynamic freq./temp. 

8.2 134 
0.1% 7.3 117 
0.5% 7.2 126 
1.0% 12.0 153 
2.0% 7.0 128 
3.0% 5.7 112 
4.0% 7.3 126 

ra te  of  0.00967 s - a  in Fig.  l l a .  In  general ,  at  h igher  
t empera tu re s  and  lower  s t ra in  rates  the  concave-up  
region ex tended  over  a larger  s t ra in  interval .  F o r  
example ,  it  was de t e rmined  tha t  the in terval  at  23 ~ 
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Figure 10 Comparison of the (a) HPTB/AP and (b) GAP/PSAN 
shift factors, determined from the series of (~) constant strain rate 
tests and those obtained from the frequency/temperature sweeps at 
different strain levels: (~) (a) 23 ~ (b) 24~ (+) 23%, 0.1%; (4,) 
(a) 24 ~ (b) 23 ~ 0.5%; ( I )  (a) 20 ~ (lo) 24 ~ 1.0%; (O) 23 ~ 
2.0%; (A) 23 ~ 3.0% (*) 23 ~ 4.0%. 

and  0.009 67 s -  ~ was in excess of  four  t imes grea ter  
than  the in terval  at  - 40 ~ and  0.0967 s - ~. F o r  obvi-  
ous reasons,  a representa t ive  uniaxia l  tensile modu lus  
canno t  be ob t a ined  f rom this ini t ia l ly  concave-up  re- 
g ion of  the s t ress -s t ra in  curve. The  tensile modu lus  
has been defined for the purposes  of this s tudy as the 
incrementa l  t angen t  modu lus  with the highest  value 
and  is ca lcu la ted  by  means  of  a mov ing  po in t  l inear  
regress ion a long the s t ress -s t ra in  curve. The  s t ra in  
tha t  develops  over  the concave-up  po r t i on  of the 
s t ress - s t ra in  curve up to the inflection po in t  where  the 
m a x i m u m  tangent  modu lus  occurs,  is a ssumed  no t  to 
be representa t ive  of  the  t rue s t ra in  and  is rep laced  by  
a curve with the s lope of  the m a x i m u m  tangent  
modulus .  The  offset strain,  equal  to the  s t ra in  where  
the m a x i m u m  tangen t  modu lus  intersects  the s t ra in  
axis, is sub t rac ted  to zero the  strain.  The  resul t  is 
a s t r e s s - "ad jus t ed  s t ra in"  curve. Fig. l l b  shows the 
s t r e s s - "ad jus t ed  s t ra in"  curve for the G A P / P S A N  
s t ress - s t ra in  da t a  presented  above.  

App ly ing  Equa t ions  10 and  17, values of 3G' ob-  
ta ined  f rom the dyna mic  f requency / t empera tu re  
sweep results  a t  each level of  s t ra in  are  presented  
toge ther  with the incrementa l  t angen t  m o d u l i  cal- 
cu la ted  f rom three different s t r e s s - "ad jus ted  s t ra in"  
da t a  sets (Figs. 12-14), Two of  these are for 
G A P / P S A N ;  the first at  23 ~ and  a s t ra in  ra te  of  
0.009 67 s -  a and  the second at  - 40 ~ C and  a s t ra in  
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Figure 11 (a) Stress-strain curve obtained from a GAP/PSAN 
JANNAF specimen tested at a constant strain rate of 0.00967 s - 1 
and 23 ~ (b) stress-~ strain" curve derived from above 
results. The thick solid line is the maximum tangent modulus 
(uniaxial tensile modulus). 

rate  of  0.0967 s -1 .  The  th i rd  is for H T P B / A P  at  
- 65 ~ and  a s t ra in  ra te  of  0.0967 s -  1. 

The  t empera tu re  at  which the value of  G' were 
cons idered  were the same or  wi th in  ~ 3  ~ of those for 
the uniaxia l  data .  L imi t a t ions  in the acquis i t ion  of the 
dynamic  d a t a  mean t  tha t  it  was no t  poss ible  to ob ta in  
a value of  G' at a f requency measu red  exper imenta l ly  
tha t  co r r e sponded  exact ly  to the f requency ca lcula ted  
f rom E q u a t i o n  17. Obse rved  differences were gener-  
al ly less tha t  10%. Tab le  I I I  p rovides  the ca lcula ted  
values of  e) f rom E q u a t i o n  17 for var ious  cons tan t  
uniaxia l  s t ra in  rates  and  m a x i m u m  dynamic  shear  
s t ra in  levels. N o t  surpris ingly,  values of  3G' at the 
lowest  dynamic  s trains  were h igher  than  the max-  
i m u m  uniaxia l  t angent  modu l i  de te rmined  at  s imilar  
levels of  s t ra in  f rom the J A N N A F  specimen geomet ry  
(Fig. 12). This  is t rue  even at  very fast l oad ing  rates 
and  low t empera tu re s  a p p r o a c h i n g  the glass 
t rans i t ion  t empera tu re  (Figs 13 and  14), where  the 
concave-up  p o r t i o n  is less extensive. The  glass 
t rans i t ion  t empe ra tu r e  of  G A P / P S A N  was deter-  
mined  to be - 4 0 _ _  I ~  and  for H T P B / A P ,  
- 8 2 - t - 1  ~ At  low t empera tu re s  and  frequencies 

co r r e spond ing  to the highest  s t ra in  rates,  values of 3 G' 
showed the same general  t rend  as the incrementa l  
t angent  modul i ,  decreas ing with increas ing strain,  al- 
t hough  always at  a lower  rate. Values  of 3G' were as 
much  as 30% higher  than  the incrementa l  t angent  
modul i  at 5.0% strain for G A P / P S A N  and  60% higher 
for H T P B / A P  at 3.0% strain.  The  la t te r  is due  to the 
fact tha t  H T P B / A P  has a uniaxia l  s t ra in  capac i ty  

Figure 12 Aplication of equations 10 and 17 to compare (0) 3G' 
obtained from dynamic frequency/temperature sweeps at seven dif- 
ferent levels of strain with (O) the incremental tangent moduli 
calculated from the stress-"adjusted strain" results of GAP/PSAN 
shown in Fig. 1lb. The thick solid line is the maximum tangent 
modulus. 
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Figure 13 Application of equations 10 and 17 to compare (0) 3G' 
obtained from dynamic frequency/temperature sweeps at six differ- 
ent levels of strain with (O) the incremental tangent re�9 cal- 
culated from the stress-"adjusted strain" results of GAP/PSAN at 
- 40 ~ and a constant strain rate of 0.0967 s- 1. The thick solid 
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Figure 14 Application of equations 10 and 17 to compare (0) 3G' 
obtained from dynamic frequency/temperature sweeps at six differ- 
ent levels of strain with (0) the incremental tangent moduli cal- 
culated from the stress-"adjusted strain" results of HTPB/AP at 
-- 65 ~ and a constant strain rate of 0.0967 s- 1. The thick solid 

line is the maximum tangent modulus. 

of only  5.0% at this low t empera tu re  and  high s t ra in  
ra te  ( approx ima te ly  half  tha t  of G A P / P S A N ) ,  conse-  
quent ly  the difference between 3G' and  the incremen-  
tal  t angent  modu l i  becomes  very large as the s t ra in  at  
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T A B L E  I I I  Values of co calculated from equation 23 at the strain 
rates shown 

Peak dynamic co (rad s 1) 
strain, y~ 

0.000 967 s -  1 0.009 67 s -  1 0.0967 s - i 

0.1 1.52 15.2 151.9 
0.5 0.304 3.04 30.4 
1.0 0.152 1.52 15.2 
2.0 0.076 0.759 7.59 
3.0 0.051 0.506 5.06 
4.0 0.038 0.380 3.80 
5.0 0.030 0.304 3.04 
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Figure 15 Application of equations 10 and 17 to compare (A, ~ )  
3G' obtained from dynamic frequency/temperature sweeps on 
G A P / P S A N  at different levels of strain and at (A) - 36 ~ and (~) 
- 22 ~ with (O) the incremental tangent modul i  calculated from 

the stress-"adjusted strain" results at - 30 ~ The thick solid line 
is the max imum tangent modulus.  
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Figure 16 Application of equat ions 10 to 17 to compare (A, ~ )  
3G' obtained from dynamic frequency/temperature sweeps on 
HTPB/AP  at different levels of strain and at (A) - 36 ~ and (~) 
- 22 ~ with (0) the incremental tangent  modul i  calculated from 

the stress-"adjusted strain" results at - 30 ~ The thick solid line 
is the max imum tangent  modulus.  

maximum stress is attained. The results shown in 
Fig. 14 suggest that the maximum strain capacity in 
shear is higher than the maximum uniaxial strain 
capacity at equivalent temperatures and rates of loading. 

As Figs 15 and 16 illustrate, the relationship be- 
tween the incremental moduli and 3G' remains consis- 
tent at higher temperatures at similarly high rates of 
strain (0.0967 s-l) .  In both instances the uniaxial 
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Figure 17 Compar ison of G A P / P S A N  moduli  ET/3 (+) at a strain 
rate of(a) k = 0.00967 s 1 and (b) ~ = 0.0967 s -1 with (�9 G' values 
measured at a dynamic strain of 2% and a frequency of 
(a) 0.79 r ads  -1 and (b) 7.9 rads  -~. The theoretical equivalent 
frequencies calculated from Equation 17 are (a) 0.76 f a d s  -1 and 
(b) 7.6 rad s -  1. 

results at - 30 ~ fall between the dynamic results at 
- 22 and - 36 ~ The larger difference between the 

GAP/PSAN uniaxial data and the - 36 ~ dynamic 
results is related to the closeness of the dynamic data 
to the Tg of GAP/PSAN at - 40 ~ At higher tem- 
peratures and frequencies corresponding to lower 
strain rates (Fig. 12), values of 3G' were often lower 
than the incremental tangent moduli but their trend 
suggests that they may approach values of the in- 
cremental tangent moduli at higher levels of strain. 

It was noted that, in general, over the range of 
temperatures and rates of loading considered in this 
study, those values of 3G' obtained at a dynamic strain 
of 2% were consistently found to be the closest to 
values of ET when the comparisons are made at 
similar temperatures and rates of loading. The reason 
that the equivalency is found at 2.0% strain would 
seem to be related to the opposing forms of the 
modulus response, which decreases continuously with 
increasing strain for the dynamic tests and initially 
increases with increasing strain over the concave-up 
portion of the stress-strain curve for the conventional 
uniaxial constant strain rate tests. Changing the as- 
sumptions given earlier would result in the equival- 
ency occurring at a different level of strain. However, 
in applying Equation 17, the trends are reproducible 
over a range of temperatures and at different decades 
of strain for both GAP/PSAN and HTPB/AP propel- 
lants, Examples of these results are presented in 
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Figure 18 Compar ison  of HT P B / AP  moduli  Er/3 (+) at a strain 
rate of (a) ~ = 0.00967 s -  1 and (b) g = 0.0967 s -  1 with (�9 G' values 
measured at a dynamic strain of 2% and a frequency of (a) 
0.79 rad s -  1 and (b) 7.9 rad s - 1. The theoretical equivalent frequen- 
cies calculated from Equat ion 17 are (a) 0 .76 rads  -1 and 
(b) 7.6 rad s -  1. 

HTPB/AP and GAP/PSAN propellant over a range 
of constant strain rates. There is no theoretical reason 
why this functional relationship should exist; however, 
it has been observed by others working with filled 
polymer solid propellants [17]. When the strength is 
defined in terms of strain and temperature-corrected 
strength (Crm(1 + am)T,/T), where em is the strain at 
maximum strength, Tr is a reference temperature and 
T is the test temperature at which the strength and the 
tensile modulus were measured, the corrected strength 
versus ET for both the filled HTPB/AP and 
GAP/PSAN solid propellants can be described by 
a single power law relationship (Fig. 19). This suggests 
the potential for relating G' to ~m through E~. 

5. Conclusions 
These findings represent an important step forward in 
the use of dynamic mechanical analyses to aid in the 
complete characterization of filled polymer solid pro- 
pellants. The results demonstrate that it is possible to 
compare 3G' measured at different dynamic strains 
and frequencies with the incremental tangent moduli 
obtained at corresponding uniaxial strains from con- 
stant strain rate tests on specimens with a JANNAF 
geometry. The comparisons are most favourable when 
the concave-up region of the stress strain curve ex- 
tends only up to approximately 2.0% strain. It was 
observed that G' obtained at a dynamic shear strain of 
2.0% provided the best overall correlation with ET/3 
measured over a range of temperatures and strain 
rates. 
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Figure 19 Relationship between the correlated strength 
(~m(1 + ~m)Tr/T, see text for explanation) and the uniaxial tensile 
modulus  from uniaxial constant  strain rate tests on ( I )  HTPB/AP  
and (II,) G A P / P S A N  propellant over three decades of constant  
strain rate. The combined data  have been fitted to a power law. 

Fig. 17a and b for GAP/PSAN. Shown are values of G' 
along with ET/3 over a range of temperatures at two 
different constant strain rates, 0.009 67 and 0.0967 s-  a. 

Similar results were observed for HTPB/AP at con- 
stant strain rates of 0.009 67 and 0.0967 s-1 (Fig. 18a 
and b). 

The authors have noted a relationship between 
strength, O'm, and the tensile modulus, ET, obtained 
from uniaxial constant strain rate tests on both 
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